Let (X, W) be a balayage space, 1 ∈ W, or -equivalently -let W be the set of excessive functions of a Hunt process on a locally compact space X with countable base such that W separates points, every function in W is the supremum of its continuous minorants and there exist strictly positive continuous u, v ∈ W such that u/v → 0 at infinity. We suppose that there is a Green function G > 0 for X, a metric ρ for X and a decreasing function
Preliminaries and main results
Let X be a locally compact space with countable base. Let C(X) denote the set of all continuous real functions on X and let B(X) be the set of all Borel measurable numerical functions on X. The set of all (positive) Radon measures on X will be denoted by M(X).
Moreover, let W be a convex cone of positive lower semicontinuous numerical functions on X such that 1 ∈ W and (X, W) is a balayage space (see [2] , [6] or [11, Appendix] ). In particular, the following holds: (C) W separates the points in X, w = sup{v ∈ W ∩ C(X) : v ≤ w} for every w ∈ W, and there are strictly positive u, v ∈ W ∩ C(X) such that u/v → 0 at infinity.
Then there exists a Hunt process X on X such that W is the set E È of excessive functions for the transition semigroup È = (P t ) t>0 of X (see [2, IV.7.6] or [11, Appendix] ), that is, W = {v ∈ B + (X) : sup t>0 P t v = v}.
We note that, conversely, given any sub-Markov semigroup È = (P t ) t>0 on X such that (C) is satisfied by its convex cone E È of excessive functions, (X, E È ) is a balayage space, and È is the transition semigroup of a Hunt process (see [6, Corollary 2.3.8] or [11, Corollary A.5] ).
For every numerical function f on X, let
In particular, for every subset A of X, we have reduced functions R A u , u ∈ W, and reduced measures ε If A is Borel measurable, then, for every x ∈ X,
where T A (ω) := inf{t ≥ 0 : X t (ω) ∈ A} and, more generally,
for every Borel measurable set B in X (see [2, VI.3.14 
]).
For every open set U in X, let H + (U) denote the set of all functions h ∈ B + (X) which are harmonic on U (in the sense of [2] ), that is, such that h| U ∈ C(U) and for every open V such that x ∈ V and V is a compact in U. LetH + (U) denote the (possibly larger) set of all h ∈ B + (X) such that (1.3) holds, whenever V is open, x ∈ V and V is compact in U. By [2, VI.2.6]), for every set A in X,
In the following let us assume that the constant function 1 is harmonic on X.
We recall that a subset A of X is called unavoidable, if R A 1 = 1 (or, equivalently, R A 1 = 1). Otherwise, it is called avoidable, that is, A is avoidable, if there exists x ∈ X such that R A 1 (x) < 1. The following zero-one law will play an important role (for its proof and the proof of the subsequent corollary see [11, Proposition 2.3] ).
Moreover, we recall the following elementary fact (see [11, Lemma 2.2] ). PROPOSITION 1.3. Let A be an unavoidable set in X and let (B n ) be a sequence of relatively compact sets in X.
1 Then the following hold.
(a) For every n ∈ AE, the set
By definition, a potential on X is a function p ∈ W such that, for every relatively compact open set U in X, the function R By [6, Proposition 4.2.10], a function p ∈ W ∩C(X) is a potential if and only if there exists a strictly positive q ∈ W ∩ C(X) such that p/q vanishes at infinity. Let P denote the set of all continuous real potentials on X.
In the following let us assume that there is a Green function G for (X, W) which is related to a metric for the topology of X:
and a metric ρ for X such that the following hold:
(i) For every y ∈ X, G(·, y) is a potential which is harmonic on X \ {y}.
(ii) For every potential p on X, there exists a measure µ on X such that
REMARKS 1.5. 1. Having (i), each of the following properties implies (ii).
1 It is easily seen that it is sufficient to assume that the the functions R Bn 1 , n ∈ AE, are P-bounded.
• G is lower semicontinuous on X × X, continuous outside the diagonal, the potential kernel V 0 := ∞ 0 P t dt of X is proper, and there is a measure µ on X such that V 0 f = G(·, y)f (y) dµ(y), f ∈ B + (X) (see [13] and [2, III.6.6]).
• G is locally bounded off the diagonal, each function G(x, ·) is lower semicontinuous on X and continuous on X \ {x}, and there exists a measure ν on X such that Gν ∈ C(X) and ν(U) > 0, for every finely open U = ∅ (the latter holds, for example, if V 0 (x, ·) ≪ ν, x ∈ X). See [10, Theorem 4.1].
2. For a discussion of (iii) and the later doubling property (1.11) see the Appendix.
The measure in (1.6) is uniquely determined and, given any measure µ on X such that p := Gµ is a potential, the complement of the support of µ is the largest open set, where p is harmonic (see, for example, [10, Proposition 5.2 and Lemma 2.1]).
Suppose that A is a subset of X such thatR A 1 is a potential. Then there is a unique measure µ A on X, the equilibrium measure for A, such that The capacity of open sets U is essentially determined by the total mass of equilibrium measures for open sets which are relatively compact in U:
Proof. The first inequality is trivial. To prove the second inequality, let µ ∈ M(X) such that µ(X \ U) = 0 and Gµ ≤ 1, and let K be a compact in U. We may choose an open neighborhood V of K such that V is compact in U. Then
For x ∈ X and 0 < r < t, we define balls B(x, r) and shells S(x, r, t) by B(x, r) := {y ∈ X : ρ(x, y) < r}, S(x, r, t) := {y ∈ X : r ≤ ρ(x, y) < t} .
Let us immediately note some elementary properties of R B(x,r) 1 and cap B(x, r).
is a potential which is P-bounded,
Proof. We know that R
If even µ(X \B) = 0, then, by the minimum principle (see [2, III.
ASSUMPTION 1.8. From now on we assume, in addition, the following.
(iv) Doubling property: There exist c D ≥ 1 and 0 ≤ R 0 < ∞ such that
for every r > R 0 .
(v) All balls B(x, r), x ∈ X, r > 0, are relatively compact. REMARKS 1.9. 1. We note that Assumptions 1.4 and 1.8 are satisfied by rather general isotropic Lévy processes (often with R 0 = 0; see [4] and [7] for details).
2. If (1.11) is known to hold with some R 0 > 0, then we may replace R 0 by any R ′ 0 ∈ (0, R 0 ) (at the expense of taking a larger c
3. Since the function 1 is harmonic, X cannot be compact, and hence (v) implies that balls are proper subsets of X.
Having the doubling property for g, there is a close relation between estimates which are reverse to the ones in (1.9).
Proof. (a) Immediate consequence of (1.10): it suffices to note that, for every y ∈ B c , ρ(y, x) + r ≤ 2ρ(y, x) and hence g(ρ(y, x) + r) ≥ c −1
(b) Let z ∈ X \ B(x, 2r), a := ρ(x, z), and ε > 0. Then there exists 0 < r
Our main theorems are the following.
THEOREM 1.11 (Liouville property). Every function inH
Then A is unavoidable if and only if
For the next two corollaries we suppose, in addition, that we have a measure λ ∈ M(X) with supp(λ) = X and such that, for some c 0 ≥ 1, the normalized restrictions λ B(x,r) := (λ(B(x, r)))
so that, in particular,
(for many Lévy processes, the Lebesgue measure will have this property; see [7] ). COROLLARY 1.13. Let A be a union of pairwise disjoint balls B(z, r z ), z ∈ Z, where Z ⊂ X is locally finite and r z > 4R 0 , and let x 0 ∈ X \ Z such that
Then A is unavoidable if and only if z∈Z g(ρ(x 0 , z))/g(r z ) = ∞. DEFINITION 1.14. We shall say that pairwise disjoint balls B(z, r z ), z ∈ Z, are regularly located if the following hold:
• There exists R > 0 such that every ball of radius R contains a point of Z.
• There exists a decreasing function φ : (0, ∞) → (4R 0 , ∞) and C > 1 such that
Under mild additional assumptions on λ (see Section 5), which are satisfied if
, ρ is the Euclidean metric and λ is Lebesgue measure, the following holds. 
Proof. We may choose ϕ n ∈ K + (X), n ∈ AE, such that ϕ n ↑ 1 X\B ′ h. Then
n ∈ AE, by [2, III.2.4, III.5.6]. So there exist measures µ n on X, n ∈ AE, such that h n = Gµ n and µ n (B ′ ) = 0.
For all x, y ∈ B, and
for every n ∈ AE. The sequence (h n ) is increasing to a function u ∈ W which,
x (h) = h(x). Thus u = h completing the proof.
COROLLARY 2.2 (Liouville property). Every function inH
+ (X) is constant.
Proof. For every relatively compact open set V in X and every f ∈ B + (X), the function H V f is lower semicontinuous on V (see [2, III.3.4] ). ThereforeH + (X) ⊂ W (see, for example, [2, II.5.5]), and we obtain that (2.1) holds for all h ∈H + (X) and balls B(x 0 , r), x 0 ∈ X, r > R 0 . Now the claim follows immediately by a well known standard argument. (Let h ∈H + (X) and a := inf h(X). Then h ′ := h−a ∈H + (X). Given ε > 0, there exists x 0 ∈ X such that h ′ (x 0 ) < ε and hence, considering x ∈ X and R > R 0 ∨ ρ(x, x 0 ), we obtain that h 
Since A \ B(x 0 , γR) ⊂ n∈AE U n , we know, by Proposition 1.3, that
By [2, VI. 1.7] , there exist open sets V n such that V n is compact in U n and
Then, by (3.2),
Let n 0 ∈ AE such that γ n 0 R/2 > R 0 . For n ≥ n 0 , let ν n := µ Vn , that is, Gν n = R Vn 1 . Since ν n is supported by the set V n , which does not intersect B(x 0 , γ n R/2), and
Since g(γ n R) ≤ g(R) < ∞, for every n ∈ AE, we finally conclude from (3.1) that
Knowing that positive harmonic functions on X are constant, by Corollary 2.2, a set A in X is avoidable if and only if it is minimally thin at infinity (see [11, Proposition 2.3] ). Therefore it suffices to modify the proofs for [2, V.4.15 and V. 4 .17] (characterizing, in the setting of Riesz potentials, thinness of a set A at a point). In the context of Lévy processes, this has already been noted (see, for example, [14, Proposition 7.3 and Corollary 7.4]). In our situation, the zero-one law will yield a straight forward modification. THEOREM 3.2. Let A ⊂ X, x 0 ∈ X, s n ∈ (0, ∞) and δ ∈ (0, 1) with s n ≤ δs n+1 for every n ∈ AE. Then the following hold for the sets A n := A ∩ S(x 0 , s n , s n+1 ):
Proof. (i) Proposition 1.3, (b).
(ii) By Proposition 1.1, there exists a point
The Liouville property implies that R V 1 is a potential (see [11, Proposition 2.3] ). Let
Since A n ⊂ V n−1 if n is sufficiently large, it suffices to show that
To prove (3.4) let k ∈ AE such that 1 − δ k−3 > 1/2. We fix 1 ≤ i ≤ k and define
It clearly suffices to show that n∈AE R
Let n 0 ∈ AE such that s n 0 > R 0 . For the moment, let us fix n ≥ n 0 , consider m ∈ AE, m = n, y ∈ U n , and z ∈ U m . If m < n, then ρ(
In both cases,
Defining µ ′ n := µ U − µ n = m =n µ m we hence obtain that, for every y ∈ U n ,
and R U 1 = 1 on U, we therefore conclude that 1 − a ≤ Gµ n on U n , and hence 
is an open neighborhood of A ∩ S(x 0 , γ n R, γ n+1 R). By Proposition 3.2,
By Lemma 1.6, there exist open sets V n in U n such that V n is compact in U n and
Let k ∈ AE such that γ ≤ 2 k , and let n ∈ AE such that γ
, n ∈ AE, we conclude that
4 Application to collections of balls having the separation property
Proof. Propositions 1.3 and 1.7.
The next simple result on comparison of potentials (cf. [7] ) will be sufficient for us (see the proof of [11, Theorem 5.3] for a much more delicate version; cf. also the proof of [1, Theorem 3]).
Let w ∈ W ∩ C(X) and, for every z ∈ Z, let µ z , ν z be measures on B(z, r z ) such that Gµ z ≤ w, and µ z ≤ ν z . Then µ := z∈Z µ z and ν := z∈Z ν z satisfy
Thus Gµ ≤ w+c 2 c D Gν on the union A of the balls B(z, r z ), z ∈ Z. By the minimum principle (see [2, III.6.6]), the proof is finished. LEMMA 4.3. Let x 0 ∈ X, R > 2R 0 and B := B(x 0 , R). Suppose that there exist C ≥ 1 and a probability measure λ on B such that Gλ ≤ Cg(R). Let Z be a finite subset of B(x 0 , R/2) and R 0 < r z ≤ R/2, z ∈ Z, such that the balls B(z, 3r z ) are pairwise disjoint and, for some ε ∈ (0, 1),
Then the union A of the balls B(z, r z ), z ∈ Z, satisfies
Proof. It clearly suffices to consider the case, where Z contains more than one point. Then, for z ∈ Z, 
For z ∈ Z, let µ z ∈ M(X) with µ z (X \ B(z, r z )) = 0 and Gµ z ≤ 1, and let
Then ν z = µ z and, by Proposition 1.7, (4.3), and (4.2),
Since the balls B(z,r z ), z ∈ Z, are pairwise disjoint subsets of B, the measure
z∈Z µ z completing the proof.
In addition to the Assumptions 1.4 and 1.8, we suppose the following. We already observed that then, for all x ∈ X and r > R 0 ,
(see Proposition 1.7 for the corresponding upper estimate). By Proposition 1.10, such a lower estimate for the capacity of balls is equivalent to having inequalities R B(x,r) 1
on X \ B(x, r) (which in turn, by the minimum principle, hold trivially if (X, W) is a harmonic space, that is, if X has no jumps).
Let us say that a family of pairwise disjoint balls B(z, r z ), z ∈ Z ⊂ X, r z > 2R 0 , has the separation property with respect to λ, if Z is locally finite and, for some point x 0 ∈ X \ Z,
For every union A of balls B(z, r z ), z ∈ Z ⊂ X, having the separation property with respect to λ, the following statements are equivalent.
(1) The set A is unavoidable.
Proof. Corollary 4.1 and Theorem 4.6 using cap B(z, r z ) ≈ g(r z ) −1 , z ∈ Z.
Application to regularly located balls
In this section we suppose as before that the Assumptions 1.4, 1.8, and 4.4 are satisfied. Moreover, let us assume that we have a distinguished point x 0 ∈ X such that the measure λ has the following additional properties:
(i) For all x, y ∈ X and r > R 0 ,
Let A be a union of balls B(z, r z ), z ∈ Z, which is regularly located (see 1.14). We first prove the following proposition.
Proof. We may assume without loss of generality that the radius R in (1.14) satisfies R > max{1, φ(1), R 0 }. We define a := (cc Let 0 < β < lim sup r→∞ λ(B(x 0 , r))g(r)/g(φ(r)).
We now fix x ∈ X and choose r > κ −1 (4R + 2ρ(x 0 , x)) such that r > φ(r) and There are finitely many points y 1 , . . . , y m ∈ S such that B (y 1 , 3R) , . . . , B(y m , 3R) are pairwise disjoint and S is covered by B (y 1 , 9R) , . . . , B(y m , 9R). We may choose
for all i, j ∈ {1, . . . , m} with i = j. Moreover,
and, by (1.10) and (4.5),
Let µ j be the equilibrium measure for B(z j , r 0 ), 1 ≤ j ≤ m. We define p := Proof of Corollary 1.15. If A is unavoidable, then z∈Z g(ρ(x 0 , z))/g(r z ) = ∞, by Corollary 4.1.
To prove the converse, suppose that z∈Z g(ρ(x 0 , z))/g(r z ) = ∞. By Proposition 5.1 and (5.2), it suffices to consider the case (5.8) lim r→∞ λ(B(x 0 , 4r))g(r)/g(φ(r)) = 0.
Then inf r>0 g(φ(r)) λ(B(x 0 , 4r))g(r)) −1 > 0. By (1.15), g(φ(r z )) ≈ g(ρ(x 0 , z)), z ∈ Z. Moreover, λ(B(z, ρ(z, z ′ )/4)) ≥ inf x∈X λ(B(x, ε/4)) > 0, whenever, z, z ′ ∈ Z, z = z ′ . So the balls B(z, r z ), z ∈ Z, have the separation property, and A is unavoidable, by Corollary 4.7.
(iv) ⇒ (i): Let c > 0 such that c −1 g •ρ ≤ G ≤ cg •ρ and let x, y, z ∈ X. Since ρ(x, y) ≤ ρ(x, z) + ρ(y, z), we know that ρ(x, z) ≥ ρ(x, y)/2 or ρ(y, z) ≥ ρ(x, y)/2. Therefore min{G(x, z), G(y, z)} ≤ c min{g(ρ(x, z)), g(ρ(y, z))} ≤ cg(ρ(x, y)/2) ≤ cc D g(ρ(x, y)) ≤ c 2 c D G(x, y).
REMARKS 6.2. 1. If X is a topological space and each function G(·, x), x ∈ X, is lower semicontinuous and bounded at infinity, the ρ is a metric for the topology of X.
2. If (iii) holds, then, for every η ∈ (0, 1), there exists α ∈ (0, 1) such that g(r) ≤ ηg(αr). Indeed, it suffices to choose k ∈ AE such that η k 0 < η and to take α := α k .
